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We study the one-loop two point functions of the gauge, scalar and spinor fields
for a Horava-Lifshitz-like QED with critical exponent z = 2. It turns out that, in
certain cases, the dynamical restoration of the Lorentz symmetry at low energies can
take place. We also analyze the three point vertex function of the gauge and spinor
fields and prove that the triangle anomaly identically vanishes in this theory.
I. INTRODUCTION
The Horava-Lifshitz (HL) approach [1, 2], which is characterized by an asymmetry be-
tween space and time coordinates, has aroused great interest because it provides an im-
provement of the renormalization capabilities of field theories. In this scheme, the equations
of motion of relevant models are invariant under the rescaling xi → bxi, t → bzt, where z,
the critical exponent, is a number indicating the ultraviolet behavior of the theory. This
procedure may turn to be essential to enable the construction of renormalizable models at
scales where quantum gravity aspects cannot be neglected [2]. Different issues related to the
HL gravity, including its cosmological features [3], exact solutions [4], black holes [5] were
considered in a number of papers. However, since the space-time anisotropy breaks Lorentz
invariance, to validate a given anisotropic model as physically consistent it is necessary to
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2prove that at low energies the Lorentz symmetry is approximately realized. Some studies
suggest that this behavior is better achieved in infrared stable models.
It is also worth to point out some examples of studies of the perturbative behavior of the
HL-like theories. Some facets of the HL generalizations for the gauge and supersymmetric
field theories were presented in [6]. Renormalizability of the HL-like scalar field theory
models has been discussed in detail in [7]. The Casimir effect for the HL-like scalar field
theory has been considered in [8]. In [9] and [10] the HL modifications of the CPN−1 and
nonlinear sigma models were respectively studied. Furthermore, the effective potential for
various HL models was determined in [11].
In this work, we pursue these investigations by considering a HL generalization of an
Abelian gauge theory. For the version of the model containing only scalar and gauge fields,
our one-loop calculations, performed at an arbitrary d dimensional space, indicate that the
emergence of the Lorentz symmetry at low energies strictly depends on the dimension: it
holds for d = 1 or 2 but not for d > 3; for d = 3 our calculations are inconclusive, as the
region where the restoration could take place is outside from the pertubative setting. These
observations are based on explicit one-loop calculations of the two and three points vertex
functions. As we will show, this pattern has no universal character and does not happen for
a similar model of spinor and gauge fields.
We discuss also the problem of anomalies, especially the famous Adler-Bell-Jackiw (ABJ)
anomaly (triangle anomaly) [12] implying breaking of the chiral symmetry. It is known that
this anomaly causes ambiguities in the theories with “small” Lorentz symmetry breaking
[13]. Therefore, it is relevant to verify the presence of such anomaly in the HL-like extension
of the QED.
The structure of this work looks as follows. In the section II we present the model, in
section III we discuss the one-loop correction to the two point function of the vector field
and in the section IV we obtain the one-loop contributions to the two point functions of the
scalar and spinor fields. In section V we consider the three point function of the spinor and
gauge field. In section VI we prove the absence of the triangle anomaly in the z = 2 QED.
Our conclusions are given in the summary.
3II. AN HL LIKE ABELIAN GAUGE MODEL
For the sake of concreteness, we restrict ourselves to the case z = 2. In this case, the
Lagrangian describing the model we are interested is
L =
1
2
F0iF0i +
a21
4
Fij∆Fij +D0φ(D0φ)
∗ − a22DiDjφ(DiDjφ)∗ −m4φφ∗ +
+ ψ¯(iγ0D0 + (ia3γ
iDi)
2 −m2)ψ, (1)
where D0,i = ∂0,i − ieA0,i is a gauge covariant derivative, with the corresponding gauge
transformations being φ → eieξφ, φ∗ → e−ieξφ∗, ψ → eieξψ, ψ¯ → ψ¯e−ieξ, and A0,i →
A0,i + ∂0,iξ. Our metric is (+− · · ·−), and ∆ denotes the d-dimensional Laplacian.
The parameters ai, i = 1, 2, 3 were introduced to keep track of the contributions associ-
ated to the high derivative terms; they are independent but for simplicity we assume that
a = a1 = a2 = a3. To keep our analysis restricted to the gauge-matter interaction, we do
not introduce a self-coupling of the matter fields.
The free propagators for the scalar and fermionic fields are
< φ(k)φ∗(−k) > = i
k20 − (a2~k4 +m4) + iǫ
, (2)
< ψ(k)ψ¯(−k) > = i γ
0k0 + ω
k20 − ω2 + iǫ
=
=
P+
k0 − ω + iǫ −
P−
k0 + ω − iǫ , (3)
where ω = a~k2 +m2, and P± =
1±γ0
2
are orthogonal projectors. To find the propagator for
the vector field, we choose to work in the Feynman gauge by adding to (1) the gauge fixing
Lagrangian [14],
Lgf = −1
2
[(−a2△)− 12∂0A0 − (−a2△) 12∂iAi]2, (4)
yielding to the free propagators the forms
< AiAj >= − iδij
k20 − a2~k4 + iǫ
; < A0A0 >= i
a2~k2
k20 − a2~k4 + iǫ
. (5)
These expressions will be used to calculate the one-loop contributions in our theory.
4III. ONE-LOOP CORRECTION TO THE VECTOR FIELD PROPAGATOR
To study the one-loop correction to the gauge field, let us first consider the bosonic sector.
It is easy to see that the interaction vertices are
e2A0A0φφ
∗; ieA0(φ
∗∂0φ− φ∂0φ∗); (6)
iea2(∂iAj)[φ∂i∂jφ
∗ − φ∗∂i∂jφ] + 2iea2Ai(∂jφ∂i∂jφ∗ − ∂jφ∗∂i∂jφ);
e2a2AiAj(φ∂i∂jφ
∗ + φ∗∂i∂jφ)− e2(Ai∂jφ+ Aj∂iφ+ (∂iAj)φ)
× (Ai∂jφ∗ + Aj∂iφ∗ + (∂iAj)φ∗),
so that, in the Fourier representation, they are given by
V
(1)
3 = eA0(p)φ(k)φ
∗(−p− k)(2k0 + p0); (7)
V
(2)
3 = −ea2Ai(p)φ(k)φ∗(−p− k)(2kj + pj)[(ki + pi)(kj + pj) + kikj];
V
(1)
4 = e
2A0(p1)A0(p2)φ(k1)φ
∗(k2)(2π)
d+1δ(p1 + p2 + k1 + k2);
V
(2)
4 = −e2a2Ai(p1)Aj(p2)φ(k1)φ∗(k2)(2π)d+1δ(p1 + p2 + k1 + k2)
× [k1ik1j + k2ik2j − 2δij(k1k2)− k1ik2j − k2ik1j − k1jp2i − k2jp1i
− δij(k1p2)− δij(k2p1)− δij(p1p2)],
where p = (p0, ~p), and (pk) = ~p · ~k = piki. At the one-loop order, there are two types of
contributions as indicated in the Fig. 1. There, the wavy line is for the gauge field, and the
solid one – for the scalar field.
FIG. 1: Two-point function of the gauge field in the z = 2 scalar QED
The tadpole graph gives
Π0(p) = e
2a2Ai(−p)Aj(p)
∫
dk0d
dk
(2π)d+1
1
k20 − a2~k4 −m4
[4kikj + 2δij~k
2 + δij~p
2]
−e2A0(−p)A0(p)
∫
dk0d
dk
(2π)d+1
1
k20 − a2~k4 −m4
, (8)
5where we have omitted the terms vanishing by symmetry reasons. Due to the rotational
invariance, we can replace the kikj → δijd ~k2, so, after integrating in k0, we have
Π0(p) = −ie
2a2Ai(−p)Ai(p)
2
∫
ddk
(2π)d
1√
a2~k4 +m4
[(
4
d
+ 2)~k2 + ~p 2]
+i
e2A0(−p)A0(p)
2
∫
ddk
(2π)d
1√
a2~k4 +m4
, (9)
or finally
Π0(p) = − ie
2m2
(4π)d/2
(
a2
m4
)1−d/4 [
Γ[d/4]Γ[1/2− d/4]
4Γ[d/2]
√
π
~p 2
+(
4
d
+ 2)
m2
a
Γ[−d/4]Γ[1/2 + d/4]
4Γ[d/2]
√
π
]
Ai(p)Ai(−p)
+i
e2
(4π)d/2m2
(
a2
m4
)−d/4
Γ[d/4]Γ[1/2− d/4]
2Γ[d/2]
√
π
A0(p)A0(−p). (10)
It remains to study the ”fish” graph which yields three contributions; the first of them
corresponds to two external Ai fields, the second corresponds to one Ai and one A0 fields,
and the third to two A0 fields:
Π1(p) = e
2a4
Ai(p)Al(−p)
2
∫
dk0d
dk
(2π)d+1
(2kj + pj)(2km + pm)
× [(ki + pi)(kj + pj) + kikj][(kl + pl)(km + pm) + klkm]
× 1
[k20 − a2~k4 −m4][(k0 + p0)2 − a2(~k + ~p)4 −m4]
; (11)
Π2(p) = e
2a2Ai(p)A0(−p)
∫
dk0d
dk
(2π)d+1
(2kj + pj)(2k0 + p0)
× [(ki + pi)(kj + pj) + kikj]
× 1
[k20 − a2~k4 −m4][(k0 + p0)2 − a2(~k + ~p)4 −m4]
. (12)
Π3(p) = e
2A0(p)A0(−p)
2
∫
dk0d
dk
(2π)d+1
(2k0 + p0)
2
× 1
[k20 − a2~k4 −m4][(k0 + p0)2 − a2(~k + ~p)4 −m4]
. (13)
To investigate the restoration of the Lorentz symmetry we expand the above integrands
in Taylor series up to the second order at p = 0. For notational simplicity, in the following
expressions it should be understood that only the integrals (and not the fields) are expanded.
Πi(p) ≈ Πi(0) + plpj
2
∂2Πi
∂pl∂pj
∣∣∣∣
p=0
+
p20
2
∂2Πi
∂p20
∣∣∣∣∣
p=0
+ p0pl
∂2Πi
∂p0∂pl
∣∣∣∣∣∣
p=0
. (14)
6It is easily verified that the zeroth order terms, Π1(0) and Π3(0) are precisely cancelled
by the contributions coming from (10). Actually, the sum of the corresponding integrands
in (8), (11) and (13) is a total derivative vanishing upon integration. Notice that, due to
symmetric integration, also Π2(0) = 0. We then proceed by explicitly calculating the second
order derivative terms (for simplicity, k ≡ |~k|):
papb
2
∂2Π1(0)
∂pa∂pb
= e2a4
∫
ddk
(2π)d
{
ik4[−(4 + d)m8 + a2(16 + d)m4k4 + 2a4dk8]
d(2 + d)(m4 + a2k4)7/2
Ai~p
2Ai
−ik
4[(28 + 12d+ d2)m8 + 2a2(−20 + 6d+ d2)m4k4 + a4(12 + d2)k8]
d(2 + d)(m4 + a2k4)7/2
AipiplAl
}
, (15)
so that, by performing the integral we get
papb
2
∂2Π1(0)
∂pa∂pb
=
ie2m2
(4π)d/2
(
a2
m4
)1−d/4
Γ[1/2− d/4]Γ[2 + d/4]
3d
√
πΓ[d/2]
Ai~p
2Ai
− ie
2m2
(4π)d/2
(
a2
m4
)1−d/4
(10 + d)
12d
√
π
Γ[1/2− d/4]Γ[1 + d/4]
Γ[d/2]
AipiplAl. (16)
By adding the part coming from the tadpole graph, we have that in coordinate space the
term
ie2m2
(4π)d/2
(
a2
m4
)1−d/4
(10 + d)
48
√
π
Γ[1/2− d/4]Γ[d/4]
Γ[d/2]
FijFij (17)
will be generated by the radiative corrections. Besides that,
p20
2
∂2Π1(0)
∂p20
=
ie2
(4π)d/2a
(
a2
m4
)1−d/4
Γ[1− d/4]Γ[3/2 + d/4]
Γ[d/2]3d
√
π
Aip
2
0Ai, (18)
pnp0
∂2Π2(0)
∂p0∂pn
= − 2ie
2
(4π)d/2a
(
a2
m4
)1−d/4
Γ[1− d/4]Γ[3/2 + d/4]
Γ[d/2]3d
√
π
Aip0piA0, (19)
and, concerning Π3, whereas
∂2Π3(0)
∂p2
0
= 0,
papb
2
∂2Π3(0)
∂pa∂pb
=
ie2
(4π)d/2a
(
a2
m4
)1−d/4
Γ[1− d/4]Γ[3/2 + d/4]
Γ[d/2]3d
√
π
A0(~p)
2A0. (20)
The other second order derivatives of Π2 all vanish due to symmetry reasons. Our results
indicate that at low momenta the effective action will be dominated by
SAA =
∫
dt ddx[
1
2
(1 + α)F0iF0i − 1
4
βm2FijFij ], (21)
7where the factor 1
2
comes from the classical action, and α and β are determined from above,
being given by
α = − 2e
2
(4π)d/2a
(
a2
m4
)1−d/4
Γ[1− d/4]Γ[3/2 + d/4]
Γ[d/2]3d
√
π
;
β = − 4e
2
(4π)d/2
(
a2
m4
)1−d/4
(10 + d)
48
√
π
Γ[1/2− d/4]Γ[d/4]
Γ[d/2]
. (22)
By rescaling x, t, A0 and Ai by the rules ∂0 → a1∂0, ∂i → a2∂i, A0 → Z1A0, Ai → Z2Ai with
(1 + α)a21 = βm
2a22 (23)
and a1Z2 = a2Z1 one may check that this low-energy effective action can be rewritten in the
standard form
SAA = −1
2
(1 + α)(a1Z2)
2
∫
dt ddxFµνF
µν . (24)
The above result holds only if (α+1)
β
is positive which is satisfied if d = 4 + 8n + r with n
a non-negative integer and r ∈ (−2, 2). Therefore, we have showed that within the low-
energy limit, and under special relations of parameters of the theory, the usual free Maxwell
action is generated. Unlike [9], we have arrived at this result without any restrictions on the
background field.
Now, let us consider the two point function of the vector field in the spinor QED. Here,
the vertices are
V1 = ieψ¯γ
0A0ψ, V2 = iea
2ψ¯γiγj(Ai∂j + Aj∂i)ψ = 2iea
2ψ¯Ai∂iψ,
V3 = iea
2ψ¯γiγj(∂iAj)ψ = iea
2ψ¯(∂iA
i +
1
2
γijFij)ψ, V4 = e
2a2ψ¯AiAiψ. (25)
In the momentum space they look like
V1 = iea
2ψ¯(k)γ0A0(p)ψ(−p− k), V2 = −2ea2(pi + ki)ψ¯(k)Ai(p)ψ(−p− k);
V3 = ea
2piψ¯(k)γ
iγjAj(p)ψ(−p− k),
V4 = e
2a2ψ¯(k1)A
i(p1)Ai(p2)ψ(k2)(2π)
d+1δ(k1 + k2 + p1 + p2). (26)
There are two corresponding Feynman graphs depicted at Fig. 2. There, the dashed line
corresponds to fermions.
8FIG. 2: Two-point function of the gauge field in the z = 2 spinor QED
After a Wick rotation (by the rule k0 → ik0E), the tadpole graph gives the following
contribution:
Π4(p) = −ie2Ai(−p)Ai(p)
∫
dk0Ed
dk
(2π)d+1
tr[(γ0k0E + a~k
2 +m2)]
k20E + (a
~k2 +m2)2
. (27)
By symmetry reasons, and taking into account that tr 1 = D, with D being the dimension
of the gamma matrices, we can rewrite this expression as
Π4(p) = −ie2DAi(−p)Ai(p)
∫
dk0Ed
dk
(2π)d+1
a~k2 +m2
k20E + (a
~k2 +m2)2
. (28)
As
∫
dk0
k2
0
+A2
= pi
A
, we arrive at the complete cancellation of the factors a~k2 + m2 in the
numerator and in the denominator. Thus, Π4(p) ∝
∫
ddk
(2pi)d
, but such ”integral of a constant”
vanishes in the dimensional regularization. It remains to analyze the second graph. Its
contribution looks like
Π5(p) = −e
2
2
tr
∫
dk0d
dk
(2π)d+1
(
γ0A0(−p) + 2a2Ai(−p)ki + a2piγiγjAj(−p)
)
× γ
0k0 + a~k
2 +m2
−k20 + (a~k2 +m2)2
(29)
×
(
γ0A0(p) + 2a
2Al(p)(kl + pl)− a2pkγkγlAl(p)
) γ0(k0 + p0) + a(~k + ~p)2 +m2
−(k0 + p0)2 + (a(~k + ~p)2 +m2)2
.
After a long but straightforward calculation, it turns out that both F0iF0i and FijFij parts of
this contribution identically vanish in an arbitrary space dimension. Furthermore, we found
that in 2 + 1 dimensions, up to one loop order there is no contribution to a Chern-Simons-
like term. This result is strictly dependent on the absence of low order spatial derivative
terms in the starting Lagrangian while otherwise, the Maxwell (and Chern-Simons) terms
are generated.
It is worth to point out that in a study performed in [15] for a HL-like extended spinor
QED, in the five-dimensional case, it was also obtained the absence of one-loop correction to
9the two point photon function. The basic reason why these contributions vanish is the fact
that, as it happens in the usual nonrelativistic field theory, the contribution from a closed
fermionic loop with at least two lines can be decomposed into a sum of two terms each of
them having poles only in the same half plane of the k0 variable, see (3). Nonetheless, our
action for the spinor QED differs from that one considered in [15].
IV. TWO POINT FUNCTIONS OF THE MATTER FIELDS
We can now calculate the two point functions of the matter fields. First, let us consider
the scalar QED given by (1). The vertices are given again by (7), and the Feynman diagrams
are depicted at Fig. 3.
FIG. 3: Two-point function of the scalar field
It is clear that within the framework of the dimensional regularization, the tadpole Feyn-
man graph identically vanishes. The fish graph, after some simple arrangements, yields the
following contribution from the < AiAj > propagator
Ξ1(p) = e
2a4φ∗(−p)φ(p)
∫
dk0d
dk
(2π)d+1
1
[k20 − a2~k4][(k0 + p0)2 − a2(~k + ~p)4 −m4]
× (kj + 2pj)(kl + 2pl)[pipj + (ki + pi)(kj + pj)][pipl + (ki + pi)(kl + pl)], (30)
and the following contribution from the < A0A0 > propagator
Ξ2(p) = e
2a4φ∗(−p)φ(p)
∫
dk0d
dk
(2π)d+1
~k2
[k20 − a2~k4][(k0 + p0)2 − a2(~k + ~p)4 −m4]
× (2p0 + k0)(−2p0 − k0). (31)
After integration, we arrive at the expression for the small momenta two point function of
10
the scalar field:
Ξ =
e2
2
∫
dtddxφ∗
[
− (a
2(d+ 2) + 2) Γ
(−d
4
− 1)
2
3
2
d+2πd/2a
d
2
+1Γ
(
d
4
) md
− (d (a
2(d+ 2)− d− 18)− 128) Γ (−d
4
− 2)
2
3d
2
−5πd/2a
d
2
+1Γ
(
d
4
) md−4∂20 (32)
+
(a2(d(d(2d+ 5)− 216)− 852) + 2d2 − 8) Γ (−d
4
− 5
2
)
2
3d
2
−7πd/2ad/2Γ
(
d+2
4
) md−2∆]φ.
By including the contributions of the tree approximation, we conclude that for small mo-
menta the scalar sector of the effective action can be presented as
Sφ∗φ =
∫
dt ddxφ∗
[
α1 −m4 + (−1 + α2)∂20 + α3m2∆
]
φ, (33)
where α1, α2, α3 are constants whose values can be read from the expression (32). We note
that if d is odd, this correction is finite.
We are now in position to discuss the restoration of Lorentz symmetry both in the gauge
and scalar sectors. By rescaling (33), as it was done after (22), from (23) and (33) the
restoring of the Lorentz symmetry requires that the relations
(1 + α)a21 = βm
2a22, (34)
(1− α2)a21 = α3m2a22 (35)
be simultaneously satisfied, which is possible only if
(1 + α)α3 = β(1− α2). (36)
This condition is an equation for the free dimensionless parameter e
2
m4−d
. In fact, using the
explicit values for α and β from (22), and
α2 =
e2
m4−d
1
Γ(d
4
)
24−
3d
2 π−d/2a−d/2−1Γ(−d
4
− 2)[d(a2(−d− 2) + d+ 18) + 128]; (37)
α3 =
e2
m4−d
1
Γ(d+2
4
)
26−
3d
2 π−d/2a−d/2Γ(−d
4
− 5
2
)[a2(d(d(2d+ 5)− 216)− 852) + 2d2 − 8],
we can explicitly find the result for e
2
m4−d
. In the simplest case a = 1 which we employ for
some calculations in this paper, we have
e2
m4−d
=
2d−14(d+ 4)(d(d(d− 49314) + 319580) + 2113656)
d(d(2d− 3)− 106)− 224 ×
× π(d−3)/2 sin(πd
2
)Γ(−d
4
− 1
2
)Γ(
d
2
+ 1)Γ(
d
4
). (38)
11
We see that for d = 3, one has e
2
m4−d
= e
2
m
∼ 111, so, it is positive as it must be. However,
this number is large, whereas for consistency of the perturbative approach one must have
e2
m4−d
< 1. Therefore, our calculation is inconclusive. One can also verify that for d = 4 one
gets, after the rescaling e
2
m4−d
= 0, and for d ≥ 5 one has e2
m4−d
< 0; so, for d ≥ 4 the restoring
of the Lorentz symmetry is impossible, while at d ≤ 3 one indeed arrives at e2
m4−d
> 0. We
conclude that for d < 3 the Lorentz symmetry may emerge and the three-dimensional space
is a marginal case so that increasing the dimension makes the situation worse.
We also obtained graphics describing e
2
m4−d
as a function of a. For d = 1, d = 2 and
d = 3, respectively, they are drawn in Figs. 4, 5 and 6. Notice that for the stability of the
perturbative series the parameter a cannot be too small.
FIG. 4: The e
2
m3
as a function of a, case d = 1.
For completeness, we give the explicit result for e
2
m4−d
for arbitrary a and d:
e2
m4−d
= 2d−11(d+ 4)(d+ 8)π
d−3
2 a
d
2
−1 sin(
πd
2
)Γ(−d
4
− 1
2
)Γ(
d
2
+ 1)Γ(
d
4
)
×
(
a2(d(d((d− 49124)d− 122608) + 5309456) + 20939952)− 49152(d2 − 4)
)
×
(
3a2(d(d(d(d(5d+ 68)− 336)− 9104)− 46096)− 72704)
+d(d(d(d(d+ 60) + 1008) + 8336) + 38192) + 74752
)−1
. (39)
The spinor QED can be treated in a similar way. In this case, we have the Feynman
diagrams depicted in Fig. 7.
12
FIG. 5: The e
2
m2
as a function of a, case d = 2.
FIG. 6: The e
2
m as a function of a, case d = 3.
FIG. 7: Two-point function of the spinor field in the z = 2 spinor QED
Again, the tadpole graph vanishes. The remaining fish graph is obtained by the contrac-
13
tion of two triple vertices from (25). We have
Σψ =
∫ (
− e2ψ¯γ0 < ψψ¯ > γ0 < A0A0 > ψ
− e2a2ψ¯γiγj < ψψ¯ > γkγlψ < ∂iAj∂kAl >
− 2e2a2ψ¯ < ∂iψψ¯ > γkγlψ < Ai∂kAl > −2e2a2ψ¯γkγl < ∂kAlAi >< ψψ¯ > ∂iψ
− 8e2a2ψ¯ < ∂iψψ¯ > ∂kψ < AiAk >
)
. (40)
The explicit form of the one-loop two point function of the spinor field therefore is
Σψ(p) = e
2ψ¯(−p)
∫
dk0d
d~k
(2π)d+1
[
− γ0 γ
0k0 + a~k
2 +m2
k20 − (a~k2 +m2)2
γ0
a2(~p+ ~k)2
(p0 + k0)2 − a2(~p+ ~k)4
+ a2γiγj
γ0k0 + a~k
2 +m2
k20 − (a~k2 +m2)2
γkγlψ(p)(pi + ki)(pk + kk)δjl
1
(p0 + k0)2 − a2(~p+ ~k)4
+ 2a2
γ0k0 + a~k
2 +m2
k20 − (a~k2 +m2)2
γkγlψ(p)ki(pk + kk)δil
1
(p0 + k0)2 − a2(~p+ ~k)4
+ 2a2pi(pk + kk)δilγ
kγl
1
(p0 + k0)2 − a2(~p+ ~k)4
γ0k0 + a~k
2 +m2
k20 − (a~k2 +m2)2
+ 8a2kipkδ
ik γ
0k0 + a~k
2 +m2
k20 − (a~k2 +m2)2
1
(p0 + k0)2 − a2(~p+ ~k)4
)
]
ψ(p). (41)
The superficial degree of divergence for the fish diagram is ω = d− 2. Therefore, for d = 3,
the two point function is linearly divergent. Actually, by symmetry reasons, the divergence
is at most logarithmic.
As before, to verify the possible dynamical restoration of the Lorentz symmetry, we may
explicitly calculate the above integral keeping only the zero and first orders terms in the
external momentum p0, pi. The result for the general space-time dimension, for a = 1 is
Σ(p) = −ie2 d− 3
Γ(d/2)
md−4 csc(
dπ
2
)π1−d/22−3d/2ψ¯
[d− 2
4
γ0∂0 +
m2
2
+O(∂2)
]
ψ. (42)
In particular, at d = 3 we arrive at zero result, hence in this case there is no generation
of Dirac action and thus no dynamical restoration of the Lorentz symmetry. Also, for any
even space dimension more or equal than four, d = 2k ≥ 4, we have a divergent contribution
which is in accord with the result found for d = 4 in [15].
It is instructive to discuss here the differences of our results from those obtained in [15].
From a formal viewpoint, the theory (1) considered by us, in the spinor sector, is rather
similar to the model discussed in [15], except for the fact that in our action (1) there is
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no contributions to the kinetic term corresponding to z = 1 which however are evidently
not relevant in the ultraviolet limit, yielding only subleading terms. First, the two-point
function of the photon, in the spinor sector, vanishes both in our case and in the case of
d = 4 discussed in [15] by just the same reasons related to the fact that integrating in the
complex plane will allow to close the integration contour with no k0 poles inside. The spinor
propagators in both cases are rather similar, and such that in both cases the integral over
k0 vanishes independently of the spatial dimension. However, the two-point function of the
spinor field in our case differs from that in [15]: while in [15] it was shown not to be zero but
even divergent, in our case it is zero. There are two differences between our study and that
of [15]: first, we use a different gauge (while in [15] the Coulomb gauge was employed, we
use a Feynman gauge where the < A0A0 > propagator is not static), second, which is more
important, while in [15] the spatial dimension is fixed in d = 4, in our case we performed a
study in arbitrary dimension with results that agree with [15] in the particular case d = 4.
V. THE TRILINEAR VERTEX IN THE MODIFIED SPINOR QED
To proceed with our one-loop analysis we will now study low momentum corrections to
the three-point function 〈ψ¯Aψ〉. That study is based in the Feynman diagram showed in
Fig. 8.
FIG. 8: Three-point function in the z = 2 spinor QED
There are twelve contributions to it. However, as we are mainly interested in the low
energy regime, we restrict this study to the usual non derivative terms ψ¯γ0,iψA0,i, and
therefore disregard all dependence on the external momenta. Thus, we have to consider
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only six following parts:
T1(p1, p2) = e
3
∫
ddkdk0
(2π)d+1
ψ¯(p2)γ
0G(k)γ0A0(p)G(k + p)γ
0ψ(p1)
× < A0(−k + p2)A0(k − p2) >;
T2(p1, p2) = 2a
2e3
∫
ddkdk0
(2π)d+1
ψ¯(p2)γ
0G(k)Ai(p)(ki + pi)G(k + p)γ
0ψ(p1)
× < A0(−k + p2)A0(k − p2) >;
T3(p1, p2) = −a4e3
∫
ddkdk0
(2π)d+1
ψ¯(p2)γ
iγjG(k)γ0A0(p)G(k + p)γ
kγlψ(p1)
× (ki − p2i)(kk − p2k) < Aj(−k + p2)Al(k − p2) >;
T4(p1, p2) = −4a4e3
∫
ddkdk0
(2π)d+1
ψ¯(p2)G(k)γ
0A0(p)G(k + p)γ
iγj(k − p2)i
× < Aj(−k + p2)Al(k − p2) > klψ(p1);
T5(p1, p2) = −8a6e3
∫
ddkdk0
(2π)d+1
ψ¯(p2)G(k)A
l(p)(kl + pl)G(k + p)γ
iγj(k − p2)i
× < Aj(−k + p2)Ak(k − p2) > kkψ(p1);
T6(p1, p2) = −2a6e3
∫
ddkdk0
(2π)d+1
ψ¯(p2)γ
iγjG(k)Ar(p)(kr + pr)G(k + p)
× γkγlψ(p1) < Aj(−k + p2)Al(k − p2) > (−ki + p2i)(kl − p2l). (43)
Here G(k) =< ψ(−k)ψ¯(k) > is the spinor propagator, and p = −(p1+ p2) is the momentum
carried by the external gauge field. By setting in the propagators and vertices the external
momenta p1 = p2 = p = 0 and taking into account that all propagators are even with respect
to ~k, we find that only T1, T3 and T4 survive. We rest with
T1(p1, p2) = e
3
∫
ddkdk0
(2π)d+1
ψ¯(p2)γ
0G(k)γ0A0(p)G(k)γ
0ψ(p1)×
× < A0(−k)A0(k) >;
T3(p1, p2) = −a4e3
∫
ddkdk0
(2π)d+1
ψ¯(p2)γ
iγjG(k)γ0A0(p)G(k)γ
kγlψ(p1)×
× kikk < Aj(−k)Al(k) >;
T4(p1, p2) = −2a4e3
∫
ddkdk0
(2π)d+1
ψ¯(p2)G(k)γ
0A0(p)G(k)γ
iγjki ×
× < Aj(−k)Al(k) > klψ(p1). (44)
Now, let us put a = 1 for simplicity henceforth. Proceeding with calculations in an arbitrary
space-time dimension d, we obtain the following sum of these three expressions:
T = −ie3 (d− 3)(d− 2)
Γ(d/2)
md−4 csc(
dπ
2
)π1−d/22−2−3d/2ψ¯γ0A0ψ. (45)
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Therefore, the contribution to the three-point function vanishes for d = 3 and d = 2.
Combining (45) with (42) we have
Σ + T = −e2 (d− 3)(d− 2)
Γ(d/2)
md−4 csc(
dπ
2
)π1−d/22−2−3d/2ψ¯γ0(∂0 + ieA0)ψ (46)
as a contribution to the effective Lagrangian, showing that the quantum corrections pre-
served the gauge symmetry.
VI. TRIANGLE ANOMALY
Let us make a last observation about the triangle anomaly in the z = 2 spinor QED. This
anomaly appears in the Feynman diagram depicted at Fig. 9, where the upper vertex is for
the axial current ψ¯B/γ5ψ.
✂
FIG. 9: Three-point function in the z = 2 spinor QED
Using the same argumentation as in the section IV we can show that the contribution
from this graph identically vanishes since again, integrating over k0 in the complex plane,
we can close the integration contour with no k0 poles inside. This is justified by the fact
that the projectors P± (see (3)) commute with all combinations of Dirac matrices in the
vertices (25). It is easy to see that the same argumentation can be applied as well to any
even z. Therefore, there is no triangle anomaly and no generation of the CFJ term [16].
The less trivial results can be obtained for z odd and at the finite temperature (this study
is in progress).
The vanishing of the anomaly can also be argued through the path integral formalism.
Here we follow the lines presented in [17]. It is well known that in the case of the usual
relativistic QED the chiral transformations of the spinor fields
ψ → eiαγ5ψ, ψ¯ → ψ¯eiαγ5 (47)
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yield the contribution to the anomaly caused by the measure transformation and is equal to
δSmeasure =
1
16π2
∫
d4xα(x)ǫabcdFabFcd. (48)
Let us consider the possibility of the analogous contribution in our case. Instead of the base
of fields φn satisfying the equation γ
aDaφn = λnφn (remind that the usual spinor action
is
∫
d4xψ¯(iγaDa − m)ψ), in our case, we will consider the base φ˜n satisfying the equation
(iγ0D0 −D/2)φ˜n = λ˜nφ˜n, cf. (1).
The corresponding Jacobian can be written as
W = exp[−2i
∫
dtd3xα(t, x)A(t, x)], (49)
where
A(t, x) = lim
N→∞
N∑
l=1
φ˜†l (t, x)γ5φ˜l(x). (50)
To provide the convergence of the summation, we introduce a regularization by inserting
the function f(
λ˜2
l
Λ4
), where Λ is a constant with a dimension of mass, with f(x)|x→∞ = 0 and
f(0) = 1. After proceeding as in [17], the factor A determining the Jacobian takes the form
A = Trγ5f
(
(iγ0D0 −D/2)2
Λ4
)
, (51)
where, unlike [17], D/ = γiDi is a purely spatial contraction. The explicit form of the trace is
A = tr
∫
d4k
(2π)4
e−ikxγ5f
(
(iγ0D0 −D/2)2
Λ4
)
eikx, (52)
where now the trace, tr, is only over the gamma matrices. As it is usual in Fujikawa’s
approach, we may cancel the exponentials in the above expression if at the same time we
replace the covariant derivative Dµ by Dµ+ikµ. By expanding the function f in power series
of its argument we may easily verify that each term either vanishes in the limit Λ → ∞
or it is zero because of the trace over the gamma matrices. For example, the traces of
γ5[γ
i, γj ][γk, γl] and of γ5γ
0[γi, γj] are zero. Hence, the factor A is zero, the Jacobian is
trivial and the anomaly identically vanishes.
VII. SUMMARY
In this paper we calculated the low momenta contributions for the two point function of
the gauge field within z = 2 spinor and scalar QED. Unlike [9] where the scalar z = 2 QED
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in 2 + 1 dimensions has been discussed with a proper time method, we used the Feynman
diagram approach. Also, we obtained explicitly the numerical factors accompanying the
F0iF0i and FijFij contributions. We showed that the Maxwell term naturally emerges.
Therefore, at least where the pure gauge sector is concerned, the Lorentz symmetry is
dynamically restored. Our studies differ from [9] since we, first, considered generic d, and
second, did not impose any restrictions on the gauge field.
For consistency and to complete our analysis we studied the radiative corrections to
the two point functions of the matter fields as functions of the spatial dimension d. As a
result, the restoration of the Lorentz symmetry requires that the dimensionless parameter
e2/m4−d be a precise function of the parameter a which measures the intensity of the higher
spatial derivative term; for the stability of the perturbative series the parameter a cannot
be too small. We then found that in the model containing only scalar and gauge fields,
the restoration may occur for d = 1 and 2 but not for d > 3. For d = 3 our result
is inconclusive as the possible value of e2/m4−d, where the restoration may take place, is
outside the perturbative region (for a = 1 it is equal to 111).
In the case of spinor QED there is no possibility of the restoration as far as there is
no term linear in the spatial derivative in the starting Lagrangian. This is so because, as
remarked in [15], the free spinor propagator is a sum two orthogonal projections, each one
having pole either in the upper or in the lower half plane of the integration variable. Thus,
there is no purely fermionic radiative correction to the gauge field propagator, what therefore
breaks the Lorentz invariance at any order of perturbation.
Besides this, at low momenta, we calculated the two point function of the spinor field
and also the gauge-spinor three point functions. Our result shows that in general there is
no term of first order in the spatial derivative and that, for d = 2, 3, the one loop radiative
correction vanishes. Furthermore, for generic space dimension there are no renormalization
of the charge and of the gauge field strength. There is only a wave function renormalization
of the spinor field ψ.
Apparently, to obtain less trivial results in the fermionic sector, one should have already
at the tree level a term of first order in the spatial derivatives. By a graph analysis and also
by a path integral Fujikawa like method, we proved that there is no generation of the ABJ
anomaly in our theory.
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Erratum: On one-loop corrections in the Horava-Lifshitz-like
QED [Phys.Rev.D92:065028,2015]
M. Gomes, T. Mariz, J. R. Nascimento, A. Yu. Petrov, J. M. Queiruga, A. J. da Silva
1. In Eq. (16) the right-hand side should be multiplied by (−2).
2. Eq. (17) should be multiplied by (−1).
3. Because of these modifications, the values of the spatial dimension, quoted bellow Eq.
(24), in which a Maxwell action may be generated, are changed to d = 8n + r with n a
non-negative integer and r ∈ (0, 2). This excludes the dimensions d = 2 and 3. Notice that
the lowest nontrivial value of d is nine but the model is then nonrenormalizable.
4. The factor a4 in Eq. (31) should be changed to a2. As a consequence, Eq. (32) should
be modified as
Ξ =
e2
2
∫
dtddxφ∗
[2− 3d2 π− d2a1− d2Γ (−d
4
)
Γ
(
d
4
) md
+
21−
3d
2 π−
d
2a1−
d
2Γ
(−d
4
− 1)
Γ
(
d
4
) md−4∂20 (32)
+
2−
3d
2
−5(d(2d− 13)− 86)π− d2a2− d2Γ (−d
4
− 3
2
)
Γ
(
d+2
4
) md−2∆]φ.
5. Because of these changes, Eqs. (37), (38) and (39) should be replaced by
α2 =
e2
m4−d
2−
3d
2 π−
d
2a1−
d
2Γ
(−d
4
− 1)
Γ
(
d
4
) ; (37)
α3 =
e2
m4−d
2−
3d
2
−6(d(2d− 13)− 86)π− d2a2− d2Γ (−d
4
− 3
2
)
Γ
(
d+2
4
)
and
e2
m4−d
=
2d+3(d(2d(d+ 15) + 223) + 498)π
d+1
2 a
d
2
−1Γ
(
d
2
)
(d(d(2d+ 27) + 374) + 1576)Γ
(−d
4
− 1)Γ (d+6
4
) (39)
while the corrected Eq. (38) should be obtained from the modified Eq. (39) above by setting
a = 1.
6. The graphs for e
2
m4−d
shown at Figs. 4-6 must be omitted.
With these replacements we conclude that there is no restoration of Lorentz symmetry
in the scalar sector.
None of the conclusions concerning the spinor sector and the anomalies are changed.
